Introduction
Let S denote the class of functions of the form with 7 = -1 and a n = 6 n _i (n > 2). Mitrinovic [6] showed that g 6 S if oo (1.2) M + D*" 1 )! 6 *!* 1 -fc=2
In [8] , it was established that (1.2) is also a sufficient condition of starlikeness for g (z) .
For / G M C S and 7 a real number, we define (1.3) *,(*) = g(z) = z(f(z)r.
One might raise several questions about the operator g 7 as f(z) runs through various subsets M of S. The corresponding question for the classes S*(a) and A'(0) has been studied by Silverman [12] . Although the operators g 1 share many of the nice properties of / when / is in various subclasses of S,
A function g of the form (1.3) is said to be in H x (a) if / G H x (a)
for some real number 7 and for all z € A. We observe that = H x (a).
When A = 0, 7 = -1, the functions in H x (a) were studied in [8] . Pinchuk [7] found the relationships between the classes when A = 0 and 0 < 7 < 1.
In this paper, we investigate the properties of the operators g1 of the form (1.3), when / is in H x (a). In particular, we study sufficient conditions, order of starlikeness, relationships among the classes, coefficient bounds and neighbourhood of the class H x (a).
Finally, we establish sufficient conditions for a function g of the form (1.3) to be in C A (a) when / is of the form (1.1).
In the sequel, we shall assume, unless otherwise stated, that g(z) = 00 z(f(z)/z) y with the corresponding f(z) = z + ^ anz n , z € A, 7 a fixed 71=2 real number. Note that g(z) = z for any / when 7 = 0 and so this trivial case may be omitted from further consideration.
Sufficient conditions for spiral-likeness
We first find coefficient condition guaranteeing that g is in H x (a). Our method will use some convolution properties found in the next two lemmas.
00
We recall that the convolution of two power series f(z) = z + X) a nZ n and n=2 00 00 g(z) = z+ bnz n is defined as the power series (/*g)(z) = z+ anbnz n n=2 n=2
(z € A). 
Note that 
The equality holds, when g n {z) = z(l + a n z n~1 )' Proof. In view of Lemma 2, it suffices to show that
for e in (2.2) and |z| = 1. We have
This completes the proof of the theorem. To show equality, we observe from Lemma 2 that g n £ II
x (a) iff z n_1 = -l/((ra + (n -l)e)o n ) has a solution for z 6 A. Take e so that |n + (n-l)e| = D n (A,7,a).
In other words, g n (z) = z( 1 + a n z n~l y G H\a) iff |a n | < l/Z?"(A, 7 ,a).
Remark 1. Letting A = 0, we may rewrite (2.3) as A straight forward computation yields the sufficient coefficient conditions on / for g to be in S*(a); as obtained in [12] . 
Order of starlikeness
We now obtain the sharp bound on the order of starlikeness for a function satisfying the conditions of Theorem 1. Since Z>2(A,7,a) = (2 -/3)/(l -/?), it is enough to prove that the function
is an increasing function of n > 2. If we replace n by a real variable x, then a differentiation of F(x) and a routine computation gives 
The function f(z) = ze 1 "^2 e Sf(ß) with g(z)
G H x (a) for |A| = cos -1 (7(l -ß)/(l -a)). 
Proof. Since / £ Sf(ß), we may write
^M = 1 + (1 -ßMz), p(z)\<i (zeA).
(a). n=2
Proof. It is known ( [13] , Theorem 1) that oo n=2 for 0 < 0 < 1. Setting /3 = 1 -(1 -a) cos A and using Corollary 5, the result follows.
Relationship among the classes and coefficient bounds
We next find relationship among the classes H x (a) and H x (a). Recall
for some real 7 and for all z G A. Proof. In view of (3.2), we have 
V /(*) ) 7 9{z)
Thus g e H x (a) if and only if 
Proof. We need to show that g G ff
). Setting 7 = a and replacing a by 1-¡3 in Theorem 4(i), the proof is complete.
Remark. The special case of Corollary 7 when A = 0 was established by Pinchuk [7] .
COROLLARY 8. / G II x if and only ifz(f(z)/z)
a G H X ( 1-a), 0 < a < 1.
Proof. Set ¡3 = 1 in Corollary 7.
Applying the proceeding Theorem, we shall obtain the coefficient bounds of a function in H x (a). We first need the following lemma which is equivalent to the corresponding result in [5] . 7 , where
Proof. In view of Theorem 4(i), we find that g € H x (pi), where p\ = 1 -7(1 -a), 0 < pi < 1. Applying Lemma 3, the result follows. 
In the next result, we shall maximize the functionals 163 -pb 2 1, where p is any complex number. We need the following sharp result which is essentially due to Keogh and Merkes [4] .
00

LEMMA 4. If f{z) -z + Yl a nZ n € II x (a), then for any complex numn=2
ber p.
These bounds are sharp for each p. Proof. From Theorem 4(i), we see that g 6 H x (pi) where pi = 1 -7(1 -a), 0 < pi < 1. Therefore, it follows from Lemma 4 that 163 -pb 2 \ < (1 -/>i) cos Amax(l, |2(1 -pi)(2p -1) cos A -e~A|).
On replacing pi by 1 -7(1 -a), the proof is complete. In this section, we extend this result to the family H x (a). We shall use the following convolution condition in our main result. But for such value of p, (6.2) implies (6.1) and that yields (6.4). Next, let 7 < -1/2. Then (6.6) holds for all n > 3 but not for n = 2 and the smallest such value of p is given by This leads to (6.5), which completes the proof of Corollary 12.
Neighbourhoods of spiral-like functions
Remark. When -1/2 < 7 < 0, the inequality (6.6) needs not hold for all n > 2. Proof. Choose 7 = -1, p = |(1 -a)cosA, and a n = 6 n _i in (6.5).
Remark. Fixing A = 0 in Theorem 8 and Corollary 12, we may get the corresponding results for the family A'(a). The special case A = 0 = a was established in [12] .
